Introduction
Position-weight matrices (PWM) are traditionally used to represent the subtle sequence patterns stored in the local multi-alignment of functionally related molecular sequences. Besides the definition of protein motifs [Gribskov et al. (1990) and references therein], PWM have also found successful applications in the representation of nucleotide sequence signals (Staden, 1984 (Staden, ,1989 Stormo, 1990; Fickett, 1996a) such as promoter elements (Bucher, 1990; Fickett, 1996b; Wingender et al., 1996) and splice sites (Senapathy et al., 1990) . Several methods have been proposed to derive weights from the propensity of a given symbol to be found at a given position in a block alignment ( Figure 1A ) or an occurrence table ( Figure IB) . Three of them have been implemented in NMksite, the nucleotide version of the Mksite program (Claverie, 1994) . Nucleotide PWM are simple mathematical objects and can lead to fast sequence searches. Yet their use has been limited to somewhat heuristic implementations due to a lack of reliable methods to assess the statistical significance of the matches. Here, we introduce the numerical computation of the statistical significance of Structural and Genetic Information Laboratory, CNRS-E.P. 91, Institute of Structural Biology and Microbiology, 31 Chemin Joseph Aiguier, Marseille 13402, France nucleotide PWM matches, as implemented in NMksite. Sequence patterns tend to have a lower information content in nucleic acids than in proteins. The concept of statistical significance is thus expected to be particularly useful for the interpretation of nucleotide PWM matches. We take examples from two difficult problems, the prediction of splice sites and the identification of promoter regions, to illustrate this claim.
Theory
Different methods have been proposed to store the information contained in a block alignment or an occurrence table ( Figure 1A and B) in a set of weights representing the propensity of a given symbol to occur at a given position. For nucleic acids, it is customary to attribute to each nucleotide (e.g. A, C, G, T, hence i = 1-4) at each position p a score s ip , such as:
Si p -log-^ p = 1 to w h (1) where q ip is the observed frequency of nucleotide / at position p in a block alignment of N sequences and width w ( Figure  1A ), and f is its frequency in a random sequence of reference (most often /• = 25%). The local goodness of fit between a target sequence and the 'signal' represented by the matrix is measured by an aggregate score:
where s p denotes the weight corresponding to the nucleotide found in the target sequence. According to equation (1), the aggregate score 5 can be interpreted as a lod score between two competing hypotheses: the current target sequence corresponds to an occurrence of the signal, or the current target sequence is random.
The problem of unobserved nucleotides
PWM are defined from a finite number of sequences exhibiting a limited variability. Hence, every nucleotide is not always observed at least once at each position, an obvious problem with equation (1). To solve this problem, we need to be able to encode the information from a block alignment of an arbitrary small number (N s 1) of sequences. For this, we
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and require Q ip to follow: 
On the other hand, a nucleotide occurring more often than its random frequency /• should correspond to a non-negative score, hence:
For each position p, a suitable expression for Q ip is:
where e,-is a 'pseudo-count' for nucleotide i and
<=£<•
As previously discussed in the context of protein sequence PWM (Claverie, 1994) , there are three main ways to compute e,.
'Constant mode': e, independent of i. With e, identical for each nucleotide (Berg and von Hippel, 1987) , equation (7) becomes:
Given f = 1/4, equations (5) and (6) are verified for any positive N and e values, and the weight attributed to an unobserved nucleotides:
'Proportional mode': e, as a function of the priori frequency f r The pseudo-counts for each nucleotide can also be distributed according to their background frequency /, (Lawrence et al., 1993) . Equation (7) then becomes:
The weight attributed to an unobserved nucleotide now becomes independent of its nature:
again, equations (5) and (6) 
where the pseudo-counts for unobserved nucleotides (ob ip -q ip -0) at position p are now proportional to the off-diagonal T {j elements of a transition matrix, i.e. a set of substitution rates from nucleotide i to j. Equations (5) and (6) are then valid when
and
The use of the transition matrix of Gojobori et al. (1982) , adapted by Li et al. (1984) , allows:
and e s 4 (15) as a natural choice for e.
(8) The expected distribution of nucleotide PWM scores
Once computed from a block alignment or an occurrence table, PWM are applied to new (anonymous) sequences eventually to locate novel instances of the signal they represent. For example, PWM are widely used for the identification of transcription factor binding sites (Bucher, 1990; Fickett, 1996b; Wingender et al., 1996) . For a PWM to be useful, biologically significant signals must correspond to the highest scoring matches, with rare exceptions of falsepositive identifications. Optimal score thresholds are often computed using a test set of 'positive' versus 'negative' sequences. An optimal threshold tries to realize the best compromise between the sensitivity of signal detection (e.g. the fraction of biologically significant signal actually retrieved) and its specificity (e.g. the fraction of actual signals among all detected). Besides its biological significance, the validity of a score threshold is also directly related to its statistical significance in the context of a given experiment. Obviously, we cannot expect to identify biologically relevant signals with a given PWM if the bestmatching scores have a high probability of occurring by chance in a random nucleotide sequence. This probability of random occurrence will depend on the target sequence length and its nucleotide composition, and affect the result of a PWM search in a way we would like to predict. Until now, nucleotide PWM have mostly been used without reference to the statistical significance of their matches. In the following sections, we describe the general properties of the probability distribution of nucleotide PWM matching scores, and apply the concept of statistical significance to some classical problems of nucleotide signal detection.
Numerical computation of the random score distribution
A nucleotide PWM of width w (Figure 1 ) can be matched in 4 W distinct ways corresponding to the same number of distinct pathways to the final aggregate scores. From the nucleotide composition of the target sequence, one can, in principle, compute the individual probabilities associated with every pathway and score. In practice, this becomes a cumbersome computation as w increases. Fortunately, the number of practically distinct aggregate scores is much less than 4 W as many different matches produce the same final score. To a suitable approximation (e.g. by using 100 or 1000 values to span the min-max score range), the various Sj p (hence the aggregate scores S) can be scaled to positive integers. The various integer approximations of s, p are then used to index an array where the associated probabilities (obtained by summing the contributions of the pathways leading to the same aggregate score) are stored iteratively from p = 1 to w. Using this approach, the probability of every distinct (to a given approximation) aggregate score can be rapidly computed for any realistic width w (i.e. up 100 positions). Our random model assumes that all sequence positions are independent. We have previously shown (Claverie, 1996) that, despite its simplicity, this model provides good estimates for the frequencies of sequence patterns found in natural sequences (with the exception of low-entropy and CG-rich motifs). As anticipated, the probability density p(S) of observing an individual PWM match associated with score S is close to Gaussian (Staden, 1989) . From p(S), we can compute the cumulative distribution c(S), i.e. the probability for an individual match to score sS. Figure 2 exhibits p(S) (bottom, 'single') and c(S) (top, 'single') for Bucher's TATA box PWM (Bucher, 1990 ) used on a random target sequence with an even nucleotide composition (A:T:G:C). The cumulative distribution c (S) is not yet the proper one to assess the statistical significance of a given match in a target sequence of arbitrary length L. For this, we need to compute the cumulative probability P{S) of all matches scoring <5 when trying the PWM on all sequence windows of width w within the target sequence:
and its complement, the probability for at least one (best) match to score > S, i.e. the statistical significance of such a score:
Again, equation (16) assumes that all sequence positions are independent and that overlapping PWM matches can occur. Bucher's TATA box PWM is used. Top: Cumulative probability that all matches score less than a given value within random target sequences of various lengths: L = 15 (single, the width of the TATA box PWM), L = 250 (a typical size for a promoter region), L = 1000 and L = 10000 (a typical span for a small human gene). Bottom: corresponding probability density for L = 15 and L = 250. As the target sequence length increases, the best-score probability density shifts from a Gaussian to an extreme value distribution.
density jj£ for L = 250. The distribution c(S) (individual match scores) is very different in range and shape from the distribution P(S) (best-match scores). While the average expected individual score is about -21 (SD = 4.9), it is not unlikely that the best PWM match within a sequence of length > 250 could exceed -7 (thus > 3 SD away from the mean of expected individual scores). Similarly, statistically significant (best) matches in the context of a 250-nucleotidelong target sequence may become much less so in the context of a larger target sequence. For instance, a match scoring -2.5 is highly significant within a 250-nucleotide sequence, but quite likely to occur by chance in a 10 000-nucleotide sequence.
Implementation
A standard C/unix program, Mksite (in two separate versions for nucleotide or protein PWM), implements two functions: (i) the computation of a lod score PWM from a block alignment ( Figure 1A ) or an occurrence table (Figure IB) , using the 'constant', 'proportional' or 'matrix' pseudo-count calculation modes; (ii) for the resulting PWM ( Figure 1C) , the computation of the score thresholds corresponding to various statistical significance levels for a target sequence of a given length and composition. Figure 3 shows the command line syntax of NMksite (as printed when typing 'NMksite' with no other argument. The protein and nucleotide versions of Mksite are part of the MODEST package (MOtif DEsign and Search Tool). This package includes the Dbsite program for scanning a set of fasta-formatted sequences with a PWM, a program to generate directly block alignments from BLAST (Altschul et al., 1990) outputs, as well as other tools for manipulating block alignments. Figure 4 shows ^ for four PWM representing four different transcription-related signals. Those signals are defined on different widths: w = 8 for the cap site (Bucher, 1990) , w=12 for the CCAAT box (Bucher, 1990) , w = 14 for the GC box (Bucher, 1990) and w = 30 for the Hoxl.3 binding motif [Odenwald et al., 1989 ; accession number T00377 in the TRANSFAC database (Wingender et al., 1996) ]. A reduced (Z) score is used to allow a direct comparison of the different PWM. As the width increases, the probability density becomes more regular and resembles the Gumbel Fig. 3 . Command line syntax of the NMksite program A first set of options {-c, -p, -m} governs the pseudo-count mode, and is only relevant when working with a block alignment or an occurrence table as an input. File names corresponding to an occurrence table must be indicated by the 'occ=' prefix. NMksite can also take an already computed PWM as input, in which case the corresponding file names must be indicated by '-pat=' (for 'pattern'). A verbose option is available in all cases and produces the expected random distribution of best scores [equation (17)]. The weights constituting the PWM can be filtered using a threshold option (thus, negative weights or weights with small absolute values can be ignored). In all cases, the final argument is the sequence target size. By default, the input file is expected to contain a block alignment, the pseudo-count mode is 'constant', and the size of the target sequence is 1000. The format of the PWM generated by NMksite (not using a verbose option) is shown in (C) and is directly usable by the Dbsite program.
Results

The expected best-score distribution tends to the Gumbel distribution
(1958) distribution:
with a = -0.45 and 0 = 0.78, for Z mean = 0 and a = 1.
Thus, at the limit of large w, the Gumbel distribution (also called the 'extreme value distribution') may govern all types of ungapped pairwise alignments: the maximal segment pairs, as found by BLAST (Altschul et al., 1990; Karlin and Altschul, 1990) , the maximal PWM matching scores for protein (Claverie, 1994) and nucleotide sequences and, as a special case of PWM (see below), the best score for matching fixed-window segments. The fit between the numerically computed ^ and the Gumbel distribution is best in the high-score region, i.e. the region of interest to assess the statistical significance.
Validation by comparison with an analytical tractable case
The PWM formalism can be used to represent a specific nucleotide sequence query. For this we use source (s ip ) values of one for the nucleotide at position p, and zero for the others (e.g. ACGT: s al -1, s c2 = 1, S g3 = 1, s l4 = 1, all others = 0). Then, the aggregate score equals the number of identically matched nucleotides between the PWM query and the target sequence. An analytical formula can be derived to compute P(S) in this a simple case. Let us consider any 20mer (e.g. The cumulative probability (top) and the probability density (bottom) computed by both methods are identical. This simple example already illustrates the fact that the best score statistics are not intuitive. Figure 5 shows that it is very unlikely that the best match will involve < 10 identical positions. Yet, each individual random match only involves five identities on average.
Relationship between sensitivity, specificity and statistical significance
In the absence of experimental validation, computing the statistical significance is a great help in estimating the expected rate of false positives corresponding to a given PWM match at a given stringency (i.e. score). This is shown in Figure 6 , using the identification of 5' splice sites as an example. First, we defined a simple 5' site PWM from the consensus pattern YYYYYYYYNS AG and weighed it according to the variability at each position (Senapathy et al., 1990) : This PWM is not a lod score matrix, but has the advantage of generating aggregate scores that can be easily related to the degree of consensus matching (for instance, a match scoring < 20 does not obey the minimal AG rule). A maximal score of 30 indicates a perfect consensus 5' splice site, while a score of 26 would correspond to a mediocre signal (four mismatches in the consensus pyrimidine track). From a standard data set of human genes prepared by Kulp and Reese (1995) , we isolated 1486 windows of 250 nucleotides each, centered on 1486 proven 5' splice sites. Using the above PWM with the scanning program Dbsite, we recorded all matches with a score greater than or equal to a given threshold. Because we knew the location of the biologically significant sites, we could compute the sensitivity (fraction of actual splice sites located) and the specificity (1-fraction of false identification) of the PWM detection. This is shown in Figure 6 (top). As the specificity increases for more stringent PWM matches, the sensitivity decreases in the same proportion, making the decision about an optimal score threshold quite arbitrary. For instance, the score (5 = 23) needed to achieve 100% sensitivity (i.e. locating all the actual sites) corresponds to a specificity of 10% (i.e. nine out of 10 identified sites are not real). On the other hand, the highest stringency (maximal score = 30) only achieved a specificity of 70% at the price of a low 20% sensitivity (i.e. only one out of five sites are detected). The best compromise is found for scores equal to or greater than 29, for which approximately one out of two of real sites are detected, and one out of two detected sites is not real. A plot of the statistical significance (computed by NMksite from the above 5' splice site PWM for a 250-nucleotide target sequence) explains our specificity problem: no score but the highest achievable one (S = 30) is in fact statistically significant (p = 1.5%). There is a perfect agreement between the theoretical statistical significance and the range of practically useful scores for this PWM. In the specific context of mRNA splicing, this indicates that the window of 250 nucleotides centered on an actual splice signal does not exhibit a peculiar statistical signature: the frequency of 'random' signal (as defined by our PWM) is not diminished in the vicinity of the actual site. The specificity of the detection of splices is inherently limited by their low level of statistical significance, and even sophisticated methods cannot overcome this fundamental handicap (Brunak et al., 1991) .
Being able to assess the a priori statistical significance of matching any PWM at any stringency is especially useful when experimental validations are hard to obtain. This is the case when a limited set of proven examples are available, and/or when the discrimination between 'false positive' (i.e. this site is never active) and 'false negative' (i.e. the biological context in which this signal is active has not yet been tested) is difficult. This problem is encountered in the detection of eukaryotic promoter elements.
Random distribution of PWM scores: influence of nucleotide composition
PWM describing a given signal are classically optimized on the basis of a fixed training set of relevant sequences (Bucher, The numerical computation of the statistical significance of PWM scores explicitly involves the nucleotide composition of the target sequence within which the signal is searched. This offers a way to examine, for any PWM, the consequence of applying a pre-determined cut-off value to the analysis of target sequences of different compositions. Figure 7 shows the results of such a computation. The expected best score distributions of the TATA box and CCAAT box PWM (Bucher, 1990) were computed for three different nucleotide compositions: (A + T) = 70% (A + T) = 50% and (A + T) = 30%. The results are dramatic for the TATA box (Figure 7, top) . The cut-off value recommended by . From the top plot, we can now predict that such a score threshold: (i) will be adequate for the analysis of an A + T-poor target sequence; (ii) will gather a sizeable fraction of false positives for A + T= 50%; (iii) will be totally inadequate for A + T = 70%. In contrast, the detection of the CCAAT box signal (Figure 7 , bottom) is predicted to be quite insensitive to changes in nucleotide composition. However, the significance plot predicts that Bucher's recommended cut-off value of -4.5 will gather many false positives in all cases.
Discussion
In a previous article (Claverie, 1994) , we described the Mksite program, a tool to generate lod score PWM from protein block alignments. One of the useful features of Mksite was the computation of the score threshold corresponding to various levels of statistical significance. Here, we have extended this work to the analysis of nucleic acid sequences. Computing the statistical significance of nucleotide PWM 1E-4 1E-3 1E-2
Minimal Statistical Significance of a perfect match Fig. 8 . Number of PWM in the TRANSFAC database for which the maximal score corresponds to a given level of statistical significance within a random segment of 250 (/. = 250) to 25 000 (I = 25 000) nucleotides.
matches provides a rigorous framework to understand better why most nucleotide signals are hard to detect. The high scores associated with many nucleotide signals, such as splice sites ( Figure 6 ) or promoter elements (Figure 7) , have nonnegligible probabilities of occurring by chance in a random sequence. The necessity of combining the detection of multiple elements was recognized early (Claverie and Sauvaget, 1985) , as well as the necessity of confining the search within a small window (Bucher, 1990) . Those are the two ways by which we can increase the statistical significance of our results. Detecting an unusual concentration of several transcription elements within a small sequence segment (e.g. 250 nucleotides) is still the principle behind current promoter identification programs [Prestridge, (1995) and references therein]. Here, 'unusual' is simply another word for 'statistically significant'. However, the current prediction programs rely on obscure combinations of cut-off values for both PWM scores and consensus string matches, and are still plagued by a high rate of false-positive identification. The explicit use of the probability of random occurrence (statistical significance) associated with the individual scores is both a simple and rigorous way to combine the information from multiple PWM matches. 
where t is a threshold corresponding to the lowest specificity and sensitivity we can tolerate. To assess the feasibility of this approach, we have applied NMksite to the entire TRANS-FAC database (Wingender et al., 1996) and computed the statistical significance of the maximal scores for each of the 221 PWM (Figure 8 ) in the matrix.dat collection. With a few exceptions, most PWM could indeed contribute to the delineation of a promoter region using equation (21) 
